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Preface

PREFACE

Thiswork represents an attempt at a comparative analysis of
the theory of discrete and visually presentable continuous

symmetry groups in the plane E2 or in E2\{ O} : Symmetry
Groups of Rosettes, Friezes and Ornaments (Chapter 2),
Similarity Symmetry Groups in E2 (Chapter 3), Conformal Symmetry Groupsin E2{ O} (Chapter 4) and
ornamental motifs found in ornamental art that satisfy the afore mentioned forms of symmetry.

In each chapter symmetric forms are treated from the theory of groups point of view: generators, abstract
definitions, structures, Cayley diagrams, data on enantiomorphism, form of the fundamental region...
The analysis of the origin of corresponding symmetry structures in ornamental art: chronology of
ornaments, construction problems, visual characteristics, and their relation to geometric-algebraic
properties of the discussed symmetry is given. The discussions are followed by illustrations, such as
Cayley diagrams and ornaments. Many of ornaments date from prehistoric or ancient cultures. In
choosing their samples, chronology was respected as much as possible. Therefore, most of the examples
date from the earliest periods - Paleolithic, Neolithic and the period of ancient civilizations. The
problems caused by various datings of certain archaeological excavation sites have been solved by
compromise, by quoting the different dates. The problem of symbols used in literature for denoting the
symmetry groups has been solved in the same way.

The extension of the theory of symmetry to antisymmetry and colored symmetry was made only to
facilitate a more detailed analysis of the symmetry groups by the desymmetrization method.

The surprisingly early appearance of certain symmetry structures in ornamental art of the Paleolithic and
Neolithic led to attempts to interpret the causes of this phenomenon. Among the explanations we can
note the existence of models in nature, and constructional possibilities. Asthe universal criterion, the
principle of visual entropy was applied - maximal visual and constructional simplicity and maximal
symmetry.

Somewhat different in concept is the chapter on Conformal Symmetry in E2\{ O} . As opposed to the
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other chapters, where the chronological priority of ornaments &s the oldest aspect of higher mathematics
given implicitly" (H. Weyl, 1952) was stressed, in this chapter the emphasisis on the path leading from
the theory of symmetry (i.e., the derivation, classification and analysis of conformal symmetry groups)
toward ornaments understood as the visual interpretations of abstract geometric-algebraic structures.
Such an approach is becoming increasingly more important, since it makes possible the use of visually
presented symmetry groups in all fields of science where thereis a need for the visualization of
symmetry structures (Crystallography, Solid State Physics, Chemistry, Quantum Physics, Particle
Physics,...). Also, by applying a comparative, multidisciplinary analysis and by establishing the
existence of parallelism between the theory of symmetry and ornamental art, the research field of
ornamental design can be enlarged. By connecting the theory of symmetry and the theory of visua
perception, more precise aesthetic criteriain fine arts may be created. The possibilities to apply these
criteriawhen analyzing works of art (painting, sculptures,...) could form the subject of a new study.

The closing chapter, The Theory of Symmetry and Ornamental Art, is an attempt at a survey
synthesizing the relationship between the theory of symmetry and ornamental art, and a summary of the
conclusions derived from individual chapters. Written as a compendium, this chapter could be
considered as an independent entity.

The bibliography has been divided into two parts. one represents work in the field of the theory of
symmetry and disciplines related to it, and the other work related to ornamental art.

| am especially thankful to Dr Dragomir Lopandic, Professor at the Faculty of Natural Sciences and
Mathematics in Belgrade, under whose inspirational guidance this study cameto life and to all the others
who have helped give this study its final form.

A first version of thiswork was completed in 1981 and published by APXAIA (Belgrade, 1984). In the
present version essential changes have been made in the discussion of the color- symmetry
desymmetrizations, according to recent resultsin the field of colored symmetry. Certain definitions that
were not sufficiently precise have been corrected and replaced by new ones. Important other
contributions to the theory of symmetry, which have been made since 1981, have been aso included,
either in full, or through concise references to the original works. The symbols for the symmetry groups
of friezes and antisymmetry have been ssimplified. The author is grateful to Professors H.S.M. Coxeter,
B. Grinbaum, A.F. Palistrant, H. Stachel and W. Jank for their remarks, advice and suggestions, that
were of immense value for the final version of the text.

Belgrade, 1989
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Introduction

Chapter 1

The symmetry existing in nature and its reflection in human

artifacts has been present, from the earliest times, in all that
has been done by man. Visual structures, that are the
common elements of geometry and painting, were often arranged according to the laws of symmetry.
However, the relatively independent development of geometry and painting resulted in the formation of
two different languages. Even when talking about the same object (such as the laws of symmetry in the
visual organization of a painting, that are most explicitly expressed within ornamental art) these
languages use quite different terms. In fine art, the expression "symmetry" preserved for centuries the
meaning it had in Greek aesthetics: in its wider sense it indicated harmony, accord, regularity, while in
the more narrow sense it was identified with mirror symmetry in a vertical reflection line. The
descriptive language used in most discussions on ornaments, drifted apart from the exact language of
geometry.

With the development of natural sciences (Crystallography, Chemistry, Physics,...) symmetry structures
have become an important area of geometric studies; here the key words are transformation groups,
invariance, isometry,... When painting and scul pture were differentiated from the decorative arts, began
the period of arelative stagnation of ornamental art, which acquired a rather subordinate role and
remained on the margins of the dominant aesthetics. On the other hand, the dynamic progress of the
mathematical theory of symmetry caused the fact that the first more significant incitement for the study
of ornamental art came from mathematicians (A. Speiser, 1927).

The approach to the classification and analysis of ornaments based on symmetries was enriched by the
contributions of different authors (E. Miller, 1944; A.O. Shepard, 1948; J. Garrido, 1952; N.V. Belov,

1956a; L. Fejes Toth, 1964; D.W. Crowe, 1971, 1975; D. Washburn, 1977;...). In these works the
descriptive language was replaced by more precise geometric-crystallographic terminology, and the
theory of symmetry was established as a powerful tool for the study of ornamental art. In time,
symmetry analysis of ornamental art became areliable method, used mainly to study ancient ornamental
art or that of primitive peoples.
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Introduction

The new approach to ornamental art leads to many new questions: which aspects of symmetry, when and
where, appear in the history of ornamental art; which are the dominant forms; how to classify colored
ornaments; etc. Following attempts to provide answers to al these and similar questions of the "how",
"where" and "when" type, the question "why" arises naturally: why is man creating ornaments at all,
why do some ornaments appear earlier or more often,... The questionsin the first group do not penetrate
the field of aesthetics and the psychology of visual perception, and so the language of geometry is
almost sufficient for their discussion. In contrast, the second group of questions points to the necessity
for amore profound understanding of the links between visuality and symmetry and also to the necessity
to compare the language of the theory of symmetry with that of the theory of visual perception.
Therefore, besides the question about the classification of ornamental motifs, the chronology of
ornamental art, problems of colored ornaments etc., one of the aims of thiswork is to study the
possibilities of tranglating geometric properties into the language of visuality, and vice versa. When
discussing the numerous problems that ornamental art raises, special attention is paid to itsroots. They
are to be found in the ornamental art of the prehistoric period, which represents the most complete

record of the beginnings of human understanding of regularity. In turn, regularity is the underlying basis
of all scientific knowledge, so that in contemporary science, visualization of symmetry structures often
represents the simplest way of their modeling and interpreting. Thisis an additional stimulusto
strengthen the ties between science and art.

Knowledge of the terminology of the theory of symmetry is necessary for its application to the study of
ornamental art. Thisisthe reason for giving the basic technical terms and methods in the Introduction.
The remaining mathematical terms with which the amateur reader isless familiar, are given later, in the
relevant chapters.

NEXT
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Intro 1.1

Chapter 1.1

Geometry and Its
Basic Terms

- Z

"
| YNNI
We take as the basis of every geometry the set of undefined / + \ / % \
elements (point, line, plane) which constitute space, the set of /J\.\ A'h

undefined relations (incidence, intermediacy, congruence) and the set of basic apriori assertions:
axioms (postulates). All other elements and relations are defined by means of these primitive concepts,
while all other assertions (theorems) are derived as deductive consequences of primitive propositions
(axioms). So that, the character of space (thisis, its geometry) is determined by the choice of the initial
elements and their mutual relations expressed by axioms. The axioms of the usual approaches to
geometry can be divided into a number of groups: axioms of incidence, axioms of order, axioms of
continuity, axioms of congruence and axioms of parallelism. Geometry based on the first three groups
of axiomsis called "ordered geometry ", while geometry based on the first four groups of axiomsis

called "absolute geometry "; to the latter corresponds the n-dimensional absolute space denoted by S

With respect to congruence, we distinguish the analytic procedure with the introduction of space metric
and the synthetic procedure, aso called non-metric. The justification for the name absolute geometry" is
derived from the fact that the system of axioms introduced makes possible a branching out into the
geometry of Euclid and that of Lobachevsky (hyperbolic geometry). Thisis achieved by adding the
axiom of parallelism. By accepting the 5th postul ate of Euclid (or its equivalent, Playfair's axiom of
parallelism: "For each point A and line a there existsin the plane (a, A) at most one line p which is
incident with A and digoint from a", whereline p is said to be parallel to a) we come to Euclidean
geometry. By accepting L obachevsky's axiom of parallelism, which demands presence of at least two
such lines, we come to non-Euclidean hyperbolic geometry, i.e. the geometry of Lobachevsky and that
of space L. In particular, for n =0 all these spaces are reduced to a point, and for n = 1 to aline; their
specific characteristics come to full expression for n = 2, and we distinguish the absolute (), the
Euclidean (E2), and the hyperbolic plane (L2). If there is no special remark, then the terms "plane" and
"gpace" refer to the Euclidean spaces E2 and E3 respectively. By asimilar extension of the set of axioms,
ordered geometry supplemented with two axioms of parallelism becomes affine geometry (H.S.

M. Coxeter, 1969).
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Chapter 1.2

Transfor mations and
Symmetry Groups

A function misamapping of aset Ato aset B if for every element a [1 A there

exists exactly one element b [ B such that m(a) = b. The mapping mis one-to-one if m(a) = m(a’) impliesa = &,
and itisonto if m(A) = B, where m(A) ={m(a) | a 0 A}. A transformation is a mapping of a space to itself that is
both one-to-one and onto, i.e. it is a one-to-one correspondence from the set of points in the space onto itself (H.S.
M. Coxeter, 1969; G.E. Martin, 1982). If we denote a transformation of space by t, then for each point P which we
call the original there exists exactly one point Q, the image of point P derived by transformation t and we write t(P)
= Q. Each point Q of the space is the image of some point P derived by transformation t, where to equal images
correspond equal originals. Points P, Q in the given order are called homologous points of transformation t.

A figurefisany non-empty subset of points of space. A figurefis called invariant with respect to a transformation
Sif §f) =f; in this case the transformation Sis called a symmetry of the figure f. The set of pointsinvariant with
regard to all the powers of a given symmetry Sis called the element of symmetry of the figure f. The identity
transformation of spaceis the transformation E under which every point of spaceisinvariant, i.e. E(P) = P holds
for each point P of the space. The identity transformation is a symmetry of any given figure. Any figure whoose set
of symmetries consists only of the identity transformation E is called asymmetric; any other figure is called
symmetric. For example, the capita letters A,B,C,D,E,K,M,T,U,V,W,Y are mirror-symmetric, H,I,O,X doubly
mirror-symmetric and point-symmetric, N,S,Z point-symmetric, and F,G,J,P,Q,R asymmetric. Thelettersbdor pq
form the mirror symetric pairs, and b g or p d the point-symmetric pairs.

For every two transformations S;, S, of the same space we define the product $;S,, as the composition of the
transformations: S;S,(P) = S,(S,(P)). In other words, by product we mean the successive action of transformations

S, S;. Asasymbol for the composition S...S where Soccurs n times, we use S, i.e. the n-th power of the

transformation S. The order of the transformation Sisthe minimal n (n [ N) for which ' = E holds. If thereisno
finite number n which satisfies the given relation, then the transformation Sis called a transformation of infinite
order. If n =2, then the transformation Sis called an involution. If transformations S; and S, are such that S;S;, = E,

then S; is caled theinverse of S,, and vice versa. We denote thisrelationshipas S; = Syl and S, = S;1. For an
involution Swe have S= S1, and for the product of two transformations ($;S,)-1 = S,-1S;-1 holds.

A transformation t which maps every linel onto alinet(l) isacollineation. An affine transformation (or linear
transformation) is a collineation of the plane that preserves parallels.

Asabinary operation [Jwe understand any rule which assigns to each ordered pair (A,B) a certain element C written
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asA[B=C, orinthe short form, AB = C. A structure (G,[) formed by aset G and a binary operation [Jisagroup if
it satisfies the axioms:

&) (closure): for all Aq,A, U G, Aj/A, O G is sdtisfied;

&) (associativity): for all Aj,AxAz 0 G, (A1A9)A3 = A1(AAg) is satisfied;

ag) (existence of neutral element): there exists E [J G that for each A; [J G the equality A{E = A is satisfied;
ay) (existence of inverse element): for each A; 0 G there exists A;"1 0 G so that A, 1A, = E is satisfied.

If besides a;-a,) also holds

ag) (commutativity): for al A,A, O G, AjA; = AA, is satisfied, the group is commutative or abelian.

The order of a group G isthe number of elements of the group; we distinguish finite and infinite groups. The
power and the order of a group element are defined analogously to the definition of the power and the order of a
transformation.

A figurefis said to be an invariant of the group of transformations G if it isinvariant with respect to all its
transformations, i.e. if A¢(f) = f for every A; O G. All symmetries of afigure f form agroup, that we call the group

of symmetries of f and denote by G;. For example, all the symmetries of a square (Figure 1.1a) form the non-abelian
group, consisting of identity transformation E, reflections R, Ry, RjRR;, RR;R, and rotations RR;, (RR;)2, R;R - the
symmetry group of square D4. The order of reflectionsis 2, the order of rotations RR;, R;Ris 4, and the order of
half-turn (RR;)2is 2. This group consists of 8 elements, soiit is of order 8. The elements of the same group,

expressed as products of reflection R and rotation Sof order 4 are: identity E, reflections R, RS, RS, SR, and

rotations S, & and S3. Instead of a sgquare, we may consider the plane tiling having the same symmetry (Figure
1.1b).

A subset H of group G, which by itself constitutes a group with the same binary operation, is called a subgroup of
group G if and only if (iff) for all Ay, A, O H, AjA,"1 00 H. SubgroupsH = G and H = { E} of each group G are

called trivial, while the other subgroups are nontrivial subgroups of the group G. In the symmetry group of square,
identity transformation E and rotations S, &, S3 form the subgroup of the order 4 - the rotational subgroup of square
Cy.

Groups (G4, D and (G, °) are called isomorphic if there exists a one-to-one and onto mapping i of elements of the
group G, onto elements of the group G, so that for all Aj,A, [ G4, i(Aq [Ay) =i(Aq) °i(Ay) holds; the mapping i is
called an isomorphism. For example, by the mapping i(R) = R, i(R;) = RSis defined the isomorphism of the
symmetry group of square generated by reflections R,R;, with the same group generated by reflection R and rotation
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S Any isomorphism of agroup G with itself is called an automorphism.

EN

AN

(b)

Figure1.1
(d) Symmetric figure (square) consisting of equaly arranged congruent parts (1-8) and its
symmetry transformations: identity transformationE (1 - 1,2 » 2,36 3,4 - 4,5 &
560 6,7« 7,8 » 8),reflectionsR(1 - 2,3 - 8,40 7,5 6),R{ (1o 4,2 & 3,

56860 7),RRR (162553047 8,RRR(1-82- 7,364«

5), rotationsRiR(1- 7,2 - 8,3 - 1,4 52,536 - 4,7 - 5,8- 6),RR (1 -

3,2-543-54-65-76-87-1,8- 2) andhaf-tun(RR)2(1 - 52 o

6,3 « 7,4 ~ 8). The order of the symmetry group of square D, is equal to the number
of congruent parts (8); (b) plane tiling with the same symmetry.

Instead of representing the group in the traditional way, by means of its Cayley table, which offersalisting of all the
elements of the group and their compositions (products), complete information about the group is given more
effectively and concisely by agroup presentation (i.e. abstract, generating definition): a set of generators and
defining relations. The group of transformations G is discrete if for each point P of the space in which the group G
actsthereis apositive distance d = d(P) such that no image of P (distinct from P) under an element of G is at
distancelessthand from P. Theset{ S;,S,,...,S;,,} of elements of adiscrete group G is called a set of generators of

G if every element of the group can be expressed as a finite product of their powers (including negative powers).
Relations g (S,,S,,..-,.S,) = E, k=1,2,...,s, are caled defining relationsiif al other relationswhich S, S,,..., Sy,

satisfy are algebraic consequences of the defining relations (H.S.M. Coxeter, W.O.J. Moser, 1980). So that, in
further discussions each discrete group will be given by a set of generators and defining relations, i.e. by a

http://www.emis.de/monographs/jablan/chapl12.htm (3 of 11)2007-8-27 9:58:59


http://www.emis.de/monographs/jablan/refer.htm#cm80

Intro

presentation.

The symmetry group of square is given by Cayley table:

E R Rl RlRRl RR]_R RRl (RR]') RlR
2

E E R Rl RlRRl RR]_R RRl (RR]') RlR
2

R R E RR]_ (RRl) R]_R Rl RlRRl RR]_R
2

Rl Rl R]_R E RRl (RRl) RlRRl RR]_R R
2

(RRy)

RlRRl R]_RR]_ RlR E RR]_ RR]_R R Rl
2

RR]_R RR]_R RRl (RR:L) RlR E R Rl R]_RR]_
2

RRl RRl RRlR R Rl RlRRl (RRl) RlR E
2

(RRy) (RRy) R;RR; RR{R R R, RR E RR;

2 2

R]_R R]_R Rl R]_RR]_ RR]_R R E RR]_ (RRl)

and by the presentation:

{RR;} RZ=R32=(RR)*=E,

or by Cayley table:

RSR®¥SRS &£ S
E RSRESRS 2 S
R R E S £ S$ RSREZR
RSRSS E S £ RER R
RZRZSE S E S SRR RS
SRSRS £ S E R RSRZ
S S RR RRRFZ $ E
2 L RERR RS E S

E R
E R
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S & RSREFR R E S &

and by the presentation:

{ SR} S*=R2=(R92=E.
Two groups G, and G, which are given with their presentations:

G{SLS..Sn} O(SLSn...S)=E k=12..s (1
G {S'S..S'} h(ES'S....S)=E 1=12..t (2

are isomorphic iff there exist relations:

§=S56.% S0 i=12..n (1)

S=5.5%.....5)) 1=12..m (2)

such that the systems of relations (1), (1') are algebraically equivalent to (2), (2') (H.S.M. Coxeter, W.0O.J. Moser,
1980). This means, that the second presentation can be obtained from the first by the substitutions (2), and the first
can be obtained from the second by the substitutions (1'). For example, the groups G, and G, given by the

presentations:
G {RR} RE=RZ2=(RRpP*=E (I
G, {SR S'=R?=(R9?=E (2

are isomorphic, because there exist the relations:

S=RR; (1)

Ri=RS (2)
so that the systems of relations (1), (1') are algebraically equivalent to (2), (2). Namely, by the substitution (2') Ry =
RS, the relations (1) R2 = R;2 = (RRy)# = E are transformed into algebraically equivalent relations

R2=(R92=(RRY4=E S=R2=(RS92=E (2
and by the substitution (1') S= RRy, the relations (2) are transformed into algebraically equivalent relations

(RR)4=R2=(RRR))2=E R2=Ri2=(RR))4=E (2).
Their isomorphism, defined by the mapping i(R) = R, i(R;) = RSis also simply visible from the corresponding
Cayley tables.

By "structure of the group" we understand its isomorphism with some of the basic, well known groups (e.g., cyclic
group Cn, dihedral group Dn,...) or with adirect product of such groups. The cyclic group Cn isgiven by the
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Intro
presentation: {S} S’ = E, and the dihedral group Dn can be given by two isomorphic presentations: {RR;} R2=

R2=(RR)"=Eor{SR} S'=R2=(RS2=E. Hence, the structure of the symmetry group of squareis D4, and
the structure of its rotational subgroup is Cy.

For groups G and G, G nG; = { E}, given by presentations (1), (2) we define the direct product GxG, asthe
group with the set of generators{S,,S,,% ,Sm,Sl',Sz' Ya ,Sn'}, the set of defining relations of which is, besides

therelations (1), (2), made up of relations SiSj' = Sj'Si, 1 =1,2%,m,j=1,2%,n. For each group G we can

discussthe possibility of it being decomposed, i.e. represented asthe direct product of itsnontrivial
subgroups. A group which allows such a decomposition we call reducible, otherwiseit iscalled irreducible.

For example, the direct product of two cyclic groups, Cs given by the presentation {S} S3=E and C, given

by {T} T2=Eisthegroup {ST} S3=T2=E ST =TS. By the substitution U = ST, thisresultsin the
presentation {U} U6 =E, so C3xC, @Cg, showing that the group Cgisreducible.

Theterm " decomposition” can be used in another sense. Each group can be decomposed accor ding to its
subgroup H:

G=gHOgHO...0g HO...

WheregiH :{gih | giT G,h1 H}. Theexpression giH Is called the left coset which correspondsto element 9

with respect to subgroup H. Analogously, thereisthe possibility of the right decomposition of group G

accor ding to subgroup H. If the above decompositions ar e finite, the number of cosetsis called the index of
the subgroup H in thegroup G; in the case of infinite decomposition we say that H isa subgroup of infinite
index. We should also note the property that every two cosets are either digoint or identical, and that the
order of thegroup isequal to the product of the order of the subgroup H and itsindex. From thisresultsthe
statement that the order of a subgroup isadivisor of the order of the group. A subgroup H of agroup Gis
called a normal subgroup if gH = Hg holdsfor every element g1 G. For example, for the symmetry group of
square G and itsrotatational subgroup H holds the decomposition G = H ERH, and gH = Hg holds for every
element g1 G, so H isthe normal subgroup of index 2in G. Theorder of H is4, and order of G (8) isthe
product of the order of H (4) and index of H in G (2).

Accor ding to those basic geometric-algebraic assumptions, we can consider asthe subject of this study the
analysis of planefigures - ornamental motifs and their invariance with respect to symmetry groups.

The set of points G(P) = {g(P) | g1 G}, obtained from a point P by all transfor mations of the group G, is
called the orbit of P with respect to G; it isthe set of points equivalent to point P (or thetransitivity class of P)
with respect to the group G. Analogously we can also define the orbit (or transitivity class) of any figuref
with respect to the group G and denoteit by G(f). A point P which isinvariant with respect to a
transformation S, i.e. a point for which S(P) =, isalso called singular. A figuref isinvariant with respect to a
transformation Sif S(f) = f. A point Pisa singular (invariant) point of agroup G if it isasingular (invariant)
point of all transformations of G. A point which isnot an invariant point of a transformation Sisalso called a
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point in general position with respect to the transformation S. A point issaid to be a point in general position
with respect to a group of transformations G if it isin general position with respect to all the transfor mations
of thegroup G, i.e. if it isnot an invariant point of any transformation of the group G. For example, the
singular (invariant) point of the symmetry group of squareisthe center of square. The points belonging to
themirror-reflection lines are theinvariant points of the corresponding reflections. All other plane points,
arethepointsin general position with respect to the symmetry group of square (Figure 1.1).

The orbit of some point P in general position with respect to the discrete group of transformations G makes
possible a schematic inter pretation of the group G: a Cayley diagram or a graph of the group G - avisual
model of discrete group of transformations G. To each vertex of the graph corresponds exactly one element of
the group, and to each edge corresponds one transfor mation. The edges which connect the homologous points
of the same transformation are denoted by the same type of line (full, broken, dotted). The non-oriented
edges correspond to theinvolutions. For any other, oriented edge, the motion in the direction of the arrow
indicates the multiplication by the corresponding transfor mation from theright, and the motion in the
opposite direction of the arrow corresponds to multiplication by the inver se of the corresponding
transformation on theright. A Cayley diagram is a connected graph, i.e. there exists a path which connects
every two vertexes of the graph. It representsthedirect visual inter pretation of the presentation of the group,
sinceto every closed cyclethere corresponds one defining relation (1). A complete graph is considered to be
the graph in which every two vertexes are directly linked by the edge (Figure 1.2).
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(a) (b)

Figure1.2
(a) Graph of the group C,4 given by the presentation { S}
St = E; (b) the complete graph of the same group.

For adiscretegroup Git is possible to define a fundamental region of G. A fundamental region F isafigure
which satisfies the following conditions:
a) for each point P of the space wherethe group of transformations G acts, thereexists ST Gthat PT S(F);
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b) for each ST G\{E} holdsint(F)Cint(S(F)) = /& If CI(F) isthe closure of F, the orbit G(CI(F)) represents a
tiling of the space on which the group G acts. A spacetiling or tessellation is a countable family of closed sets
T ={T4,T,%} covering space without gaps or overlaps. More explicitly, the union of thesets T, T,,%, which

areknown asthetilesof T, isto bethe whole space, and the interiors of the sets Ti areto be pairwise digoint

(B. Grunbaum, G.C. Shephard, 1987). Since a fundamental region F has no points which are equivalent

under any transformation of the group G, unlessthey are on the boundary, each internal point of F isa point
in general position with respect to the group G. Regarding the extent of the fundamental region we
distinguish between groupswith bounded and unbounded fundamental regions. A discrete group of
transformations G usually does not deter mine uniquely the fundamental region, or theinduced tiling G(Cl
(F)). Therefore, it isof interest to inquire about the different possible shapes of the fundamental region. In
thetiling G(CI(F)) the intersection of tiles of any finite set of tiles (containing at least two distinct tiles) may be
empty or may consist of a set of isolated points (vertices) and ar cs (edges). When discussing variations of the
form of the fundamental region F we distinguish between two aspects of change: the change in the number of
vertices and edges of the fundamental region F, and the change of the for m of the edges (ar cs) themselvesin
which the number of vertices and edgesremains unchanged. Astheresult of the action of the symmetry
groups we havetile-transitive or isohedral tilings. Their tiles belong to the same class of transitivity G(CI(F)),
sincefor every two tiles of G(CI(F)) there exists a transfor mation of group G which mapsonetile onto the
other (Figure 1.3).

Figure1.3

(a) Isohedral planetiling corresponding to the symmetry
group Dg; (b) two isohedral plane tilings with different shape

of the fundamental region, corresponding to its rotational
symmetry subgroup Cy.

If the symmetry group GT contains also transfor mations which map any vertex of tiling T onto any other
vertex, i.e. if the vertices make up one class of transitivity, thetiling issaid to beisogonal. By aflagin atiling
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we mean atriple (V,E,T) consisting of avertex V, an edge E and atile T which are mutually incident. A tiling
iscalled regular if its symmetry group istransitive on the flags of thetiling. In particular, for the symmetry
groups of ornamentsthere exist exactly threeregular tilings (regular tessellations) by means of regular
polygons. Each of them can be denoted by a Schlafli symbol {p,q} denoting regular p-gons, where q of them
areincident with each vertex of theregular tessellation: {4,4} , {3,6} , {6,3} . A dual of regular tiling {p,q} is
theregular tiling {q,p} (Figure 1.4).

Figurel4
Regular tilings{4,4} , {3,6} and {6,3}.

A uniform or Archimedean tiling isan isogonal planetiling by regular polygons, which is edge-to-edge, i.e. in
which every vertex and edge of atileisa vertex and edge of thetiling. Each of the 11 types of uniform tilings

can be denoted by the symbol (p;% p,% ¥4 pnqn) where py,p,¥a,p_denoteregular p-gons, and d,0,%4,q_the

number of adjacent regular p-gons of the same type which areincident with one vertex. Besidesregular
tessellations (36) = {3,6} ,(63) = {6,3} and (44) = {4,4} the family of uniform tilings consists of (34.6), (33.42),
(32.4.3.4), (3.4.6.4), (3.6.3.6), (3.122), (4.6.12) and (4.82) (J. Kepler, 1619) (Figure 1.5). The Archimedean tiling
(34.6) occursin two enantiomor phic forms- " left" and " right".
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Figure 1.5
Archimedean tilings.

An open circle (or open circular disk) isthe set of points X such that OX <r, where O isafixed point and r isa
positive number. For OX £ r, the circle (circular disk) iscalled a closed circle.

A transformation t is continuousif for any two points P, Q of the planeit is possible to make t(P) and t(Q) as
close together aswe wish, by taking P and Q sufficiently close, and bicontinuousif both t and t-1 are
continuous. A homeomor phism or topological transformation isany bicontinuoustransformation. The open
(closed) topological disk isany plane set which is homeomor phic image of an open (closed) circle.

A tiling T isnormal if:

a) every tileof T isatopological disk;
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b) the intersection of every twotiles of T isa connected set, i.e. does not consist of two closed and dig oint
subsets;

c) thetilesof T are uniformly bounded, i.e. there exist circles c and C, with fixed radiuses, such that every tile
Ti of tiling T contains a translate of c and iscontained in a translate of C.

A tiling T is called homeohedral if it isnormal and issuch that for any two tilesT,, T, of T thereexistsa
homeomor phism of the plane that maps T onto T and T, onto T,. A normal tiling is called two-homeohedral if

itstilesform two transitivity classes under a homeomor phism mapping T onto itself. For example, all non-
regular Archimedean tilings (Figure 1.5) are two-homeohedral.

A continuous set of pointsisany set of points which satisfies the axiom(s) of continuity. Every continuous set
of pointsisahomeomor phic image of aline. Alongside the discrete groups of transformations, continuous
symmetry groups may also be discussed. A symmetry group G of the space E2 or E2\{O} is called continuous if
the orbit G(P) of a point in general position P with respect to the group G satisfies one of the following
conditions:

(1) G(P) isthe complete space on which G acts; or

(i1) G(P) can be divided into digoint continuous sets of points, and for every point of each of these setsthereis
a positive distance d = d(P) such that the circle ¢(P,d) contains no points of any other of the sets mentioned. By
theterms™" continuous group of tranglations, rotations, central dilatations and dilative rotations" we mean
that all trandations along oneline, all rotations around one center, all central dilatations with a common
center, and all dilative rotations with a common center and with a fixed angle, are elements of such a group.
In particular, the continuous symmetry groups of or naments, depending on whether they satisfy condition (i)
or (ii), are called the symmetry groups of continua or semicontinua.

NEXT
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Chapter 1.3

Classification of Symmetry
Transformations and Groups

Asthe basis for the classification of the symmetry groups G three elements
were taken into consideration: the types of symmetries (isometries, similarity symmetries, conformal symmetries) that
occur in G, the space on which the group G acts, and the sequence of maximal included proper subspaces, invariant
with respect to the group G. According to this, the Bohm symbols (J. Bohm, K. Dornberger-Schiff, 1966) are used for
the categorization of the groups of isometries. Symbols of the same type are applied to the similarity symmetry and
conformal symmetry groups. For example, the symmetry group of square D, actsin plane and possesses only one

invariant point, so it belongs to the category G, - the symmetry groups of rosettes.

A transformation Sis an isometry of certain space E" (S) if for every two points P, Q of that space |P,Q| = |[S(P),S(Q)|
holds, where |P,Q| denotes the length of the line segment defined by points P, Q. All isometries of some space form a

group.

A transformation Sof n-dimensional space is called indirect (or reflective, sense reversing, opposite, odd) if it
transforms any oriented (n+1)-point system onto an oppositely oriented (n+1)-point system (line segment AB onto BA,
triangle ABC onto ACB, tetrahedron ABCD onto ACBD in cases of n = 1,2,3 respectively). Otherwise, it is called
direct (sense preserving, even) (Figure 1.6).

Figure 1.6
(a) Direct and (b) indirect plane isometry.
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As an elementary isometric transformation we can take the reflection, non-identical isometry of space E" (S") for

which, every point of its subspace E™-1 (S™1) isan invariant point. In particular, for n = 1 we have point reflection,
for n= 2 linereflection (or simply - reflection), for n = 3 plane reflection, involutional indirect isometries. According

to the fundamental theorem on minimal or canonic representation of an isometric transformation of space E" (S'),

which states that every isometry of this space can be presented as a composition of maximum n+1 (plane) reflections,
it is possible to classify the isometries of different spaces.

The classification of isometric transformations and corresponding symmetry groupsis common for spacesE", S, L"
for n < 2, whilefor n > 2 different possibilities of relations of digoint lines, which are defined by the axiom of
parallelism, condition specific differences. Thiswork exclusively discusses Euclidean spaces.

In the space E2 (plane) we distinguish the following isometric transformations (Figure 1.7):
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Figure 1.7
(a) Identity transformation; (b) reflection; (c) rotation; (d)
trandation; (e) glide reflection.

1) identity transformation E, with the minimal reflectional representation of the length 2 (R2 = E);
2) reflection R;

3) rotation S= RyRy, the product of two reflectionsin the reflection lines crossing in the invariant point (center of
rotation). The oriented angle of rotation is equal to twice the angle between the reflection lines Ry, Ry;

4) trandation X = R;Ry,, the product of two reflections with parallel reflection lines, such that the translation vector is
perpendicular to them and equal to twice the oriented distance between the reflection lines Ry, Ry;

5) glide reflection P = RyX = XR3 = R;R,R3, the commutative product of atrandation X and areflection Ry with the
reflection line parallel to the trandation axis.

With respect to the invariant figures, all the points of the plane E2 are invariant points of the identity transformation
E, reflection R maintains the invariance of all the points of the reflection line, rotation S possesses a single invariant
point - the center of rotation, while translation and glide reflection have no invariant points. A glide reflection
possesses asingle invariant line - the axis, and atrandation keeps invariant al the lines parallel to the translation axis.

In the case of rotation, if the relation S= RR, = RyR; holds, i.e. if thereflection lines Ry, R, are perpendicular, as a

result we get the special involutional rotation - central reflection Z (two-fold rotation, half-turn, point-reflection)
(Figure 1.8).
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Figure 1.8
Central reflection Z.

When orientation is considered we distinguish direct transformations (or sense preserving transformations): identity
transformation E, trandation, rotation, and indirect transformations (sense reversing transformations): reflection and
glide reflection. Since direct transformations are the product of an even, and the indirect ones of an odd number of
reflections, we can call them respectively even and odd transformations.

If asymmetry transformation S can be represented as a composition S= 51---Sn such that SISJ = SJSI ij=1,..,n,we

can call it acomplex or composite transformation while the transformations S;,.... ,Sn we call the dependent

transformations or dependent elements of symmetry. We will use such approach whenever we are interested to learn
to what degree the dependent elements of symmetry influence the characteristics of the composite transformation, and
whether they have lost or preserved their geometric and visual characteristics during it. For example, a glide reflection
Is such commutative composition of trandlation and reflection, with reflection line parallel to the trandlation axis.

An analogous procedure makes possible the classification of isometries of the space E3, where each isometry can be
represented as the composition of four plane reflections at the most. Besides the transformations of the space E2 afore
mentioned with the line reflections substituted by plane reflections, as the new transformations of the space E3 we
have two more transformations. They are a direct isometry - twist (screw), the commutative composition of arotation
and atranglation, the canonic representation of which consists of four plane reflections and indirect isometry -
rotatory reflection, the commutative composition of arotation and a plane reflection in the plane perpendicular to the
rotation axis, the canonic representation of which consists of three plane reflections. In particular, the involutional
rotatory reflection, which is the composition of three plane reflections of which every two commute, is called point
inversion Z (or rotatory inversion).

For every element S; of atransformation group G we can define the conjugate of the element S; by an element Sas

the product S1S;S which we denote by Sls. If $SU G, then the mapping S; onto Sls represents an automorphism of

the group G. If the element Sby means of which this automorphism is being realized belongs to the group G, such an
automorphism is called an internal automor phism. Any other automorphism of agroup G is called an external

automorphism. An important characteristic of a conjugate is that the order of the conjugate Sls isequal to the order of
theelement S;. If afiguref isinvariant under atransformation Sy, then §f) is the figure invariant under

transformation SlS. The conjugate of areflection Rwith invariant reflection line p, derived by isometry S isthe
reflection R> with the invariant reflection line S(p). Hence we can conclude that the isometry S; and all its conjugates

Sls derived by different isometries S constitute one class of equivalence, i.e. the class of isometries having the same

name, which means that (internal) automorphism of a group of isometries G transforms reflections onto reflections,
rotations onto rotations, etc. The properties of the (internal) automorphisms are frequently used when proving

theorems on isometric transformations and the other symmetry transformations. For example, by gR, g 0 G, isdefined
an internal automorphism of the symmetry group of square G, given by presentation

(SR} S$=R2=(RS2=E: E'=E, R'=R (RY"=R
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(RR=Rs, =8, =2, H"=s

In the same way, it is defined an external automorphism of the rotational group of square H, given by presentation

(S S=E S=s, AR=2, (=5

where the reflection line of reflection R contains the center of four-fold rotation S. Hence, external automorphisms are
very efficient tool for extending symmetry groups.

Since the product of direct transformations is a direct transformation, and the inverse of a direct transformation is a
direct transformation, each group of transformations G, which contains at |east one indirect transformation has a
subgroup of the index 2, denoted by G*, which consists of direct transformations of the group G. For example, the
rotational subgroup of sgare H satisfies this condition regarding the symmetry group of square, so H = G*, [G:H] = 2.

All direct isometries of the space E" can be identified as movements of a material object in the space E", as opposed
to indirect isometries which do not have such a physical interpretation (e.g., a plane reflection does not represent
motion in E3).

For afigure f with the symmetry group Gf, which consists only of direct symmetries, it is possible to have the

enantiomor phism - enantiomor phic modifications of afiguref, i.e. to have the "left" and "right" form of the figure f
(Figure 1.9). The existence of indirect symmetries of afigure f implies the absence of enantiomorphism.

Since reflections have arole of elementary isometric transformations, while all other isometries are their finite
compositions, of special interest will be symmetry groups generated by reflections - groups, a set of generators of
which consists exclusively of reflections. Since every reflection keeps invariant each point of the reflection line, the
fundamental region of these groups will possess a fixed shape, will not allow variations and will have rectilinear
edges. All symmetry groups will be subgroups of groups generated by reflections. In the case of conformal symmetry
groups, aong with reflections, circle inversions have the analogous function. For example, the symmetry group of
square is the group generated by reflections, with the fundamental region of the fixed shape (Figure 1.3a).
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Figure 1.9
"Left" and "right" rosette with the symmetry group C,,

consisting of direct symmetries.

The results of composition of plane isometries are different categories of groups of isometries of the space E2,
represented by Bohm symbols as: G, - Symmetry groups of finite friezes, G, - Symmetry groups of rosettes, G, -

symmetry groups of friezes and G, - symmetry groups of ornaments. Because of the relation G, U Gy, in this
work we will discuss only the categories G,q, G,1, G,, While the category G,1 will be discussed within the category
Gyp. The definitions of symmetry groups will be derived directly from Bohm symbols: symmetry groups of rosettes

are groups of isometries of the space E2 (plane) with an invariant 0-dimensional subspace (point), symmetry groups of
friezes are groups of isometries of the space E2 with an invariant 1-dimensional subspace (line) and without invariant
points, while symmetry groups of ornaments are groups of isometries of the space E2 without invariant subspaces
(points, lines). The groups of the category Gn are called the space groups, the groups of the category Gnl theline

groups, and the groups of the category Gno the point groups of the space E". With symmetry groups of friezes Gy

and symmetry groups of ornaments G,, a group contains one or two generating translations respectively, so that each

of these groups has atrandlational subgroup. A lattice is the orbit of a point with respect to a discrete group of
trandlations. For the friezesit isalinear series of equidistant points while for ornaments we get a plane lattice or
simply alattice. Five different symmetry types of plane lattices bear the name of Bravais lattices; the points of these
|attices are defined by five different isohedral tessellations, which consist of parallelograms, rhombuses, rectangles,
sgquares or regular hexagons. To Bravais | attices correspond the crystal systems of the same names (Figure 1.10).
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Figure 1.10
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Five plane Bravais lattices.

Because the symmetry groups of friezes G4 are groups of isometries of the plane E2 with an invariant line, they

cannot have rotations of an order greater than 2.

For the symmetry groups of ornaments G, so-called crystallographic restriction holds, according to which symmetry

groups of ornaments can have only rotations of the order n=1,2,3,4,6. The term "crystallographic groups" is used for
al groups which satisfy this condition, despite the category they belong to.

In isometry groups all distances between points under the effect of symmetries remain unchanged and the congruence
of homologous figuresis preserved. Consequently, the same holds for all other geometric properties of such figures,
so that the equiangularity (the congruence of the angles of homologous figures) and their equiformity (the same form
of homologous figures) are the direct consequences of isometrism.

The next class of symmetry groups we shall consider are the similarity symmetry groups. A similarity

transformation of the space E" is a transformation which to each line segment of length AB assigns a line segment of
the length KAB whereby kisareal positive number, the coefficient of similarity. In particular, if k= 1thena
similarity transformation is an isometry. According to the theorem on the existence of an invariant point of every
similarity transformation which is not an isometry, there are, besides isometries, three types of similarity symmetry
transformations of the space E2:

(i) central dilatation K (or ssimply dilatation), a transformation which to each vector (A,B) assigns the vector (A',B"),
such that A' = K(A), B' = K(B) and (A',B") = k(A,B), where the coefficient of the dilatationisk [0 J\{-1,0,1} ;

(ii) dilative rotation L, the commutative composition of a central dilatation K and a rotation, with a common invariant
point;

(ii1) dilative reflection M, the commutative composition of a dilatation K and areflection in the reflection line
containing the invariant point (center) of the dilatation K (Figure 1.11).
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(2) (b) (c)

Figure1.11
(a) Dilatation; (b) dilative rotation; (c) dilative reflection.

Those transformations are, in the given order, isomorphic with the isometries of the space E3: trandlation, twist and
glide reflection. They make possible the extension of the symmetry groups of rosettes G, by the external

automorphism, having as the result similarity symmetry groups Syq that we will, thanks to the existence of the
invariant point, call the similarity symmetry groups of rosettes.

Dilatations K and dilative rotations L are direct, while dilative reflections M are indirect transformations. They all
possess the properties of equiangularity and equiformity. All other aspects of similarity symmetry groups (the
problems of enantiomorphism, fundamental regions, tessellations,...) will be discussed analogously to the case of
ISsometry groups.

Further generalization leads to conformal transformations or circle preserving transformations of the plane EA{ O} ;
for them the property of equiangularity has been preserved, but not that of equiformity. We have, as the elementary
transformation of conformal symmetry in E2{ O} , the circleinversion R, (or simply inversion) - an involutional

transformation isomorphic with areflection, that gives to each point A in the plane E2{ O} a point A; so that (O,A)°(O,
A,) =r2, wherer isthe radius of the inversion circle ¢c(O,r) and O is the singular point of the plane E2{ O} (Figure

1.12). Just like areflection, for which each point of the reflection lineisinvariant, an inversion maintains invariant
each point of the inversion circle. By discussing aline as acircle with an infinite radius (and treating as circles, at the
same time and under the same term, circles and lines) it is possible to identify reflections with circle inversions. In
such acase, dl circleinversions (including line reflections) and their compositions, can be discussed as circle
preserving transformations, i.e. transformations mapping circles (including lines) onto circles.
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Figure 1.12
Circleinversion.

Besides the circleinversion R, by composing it with isometries maintaining invariant the circle line ¢ of the inversion

circle c(O,r) - with areflection with reflection line containing the circle center O or with arotation with the rotation
center O, we have two more conformal transformations:

() inversional reflection Z, = RR = RR,, the involutional transformation, the commutative composition of areflection

and acircleinversion;

(if) inversional rotation § = SR, = R|S the commutative composition of arotation and acircle inversion (Figure
1.13).
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Figure 1.13
(@) Inversional reflection; (b) inversional rotation.

Those three conformal symmetry transformations, besides isometries and similarity symmetry transformations,
congtitute the finite and infinite conformal symmetry groups C,,, C, - conformal symmetry groups of rosettesin E2

\{O} .

As an extension of the symmetry groups of rosettes G, we have the finite conformal symmetry groups C,q
isomorphic with the symmetry groups of tablets Gz. As afurther extension of finite conformal symmetry groups
C,, by the similarity symmetry transformations K, L, M, we get the infinite conformal symmetry groups C,. The
similarity symmetry groups S and the infinite conformal symmetry groups C, are isomorphic with the line
symmetry groups of the space E3 - the symmetry groups of rods Gs;. In line with the isomorphism mentioned, all

similarity symmetry and conformal symmetry transformations offer areflectional (canonic) representation by, at
most, four reflections (reflections and circle inversions). By applying this isomorphism, ornamental motifs which
correspond to the similarity symmetry and conformal symmetry groups, satisfy one more scope of painting: adequate
Interpretation of space objects in the plane. The plane structures obtained are called generalized projections of the
symmetry groups of tablets Gz, and rods Ga;.

NEXT
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Chapter 1.4

Visual Interpretations
of Symmetry Groups

All discrete symmetry groups can be visually modeled by
adequate ornamental motifs (patterns, tilings...) which for
centuries have been an important part of applied art. Besides
different symbolic or schematic visual interpretations of symmetry groups (such as Cayley diagrams,
tables of graphic symbols of symmetry elements, where the different symmetry transformations are
denoted by graphic symbols: rotations by oriented regular polygons, reflections by full lines, glide
reflections by dotted ones, etc.), they are an important aspect of “imaginative geometry" (*anshauliche
geometrie” of D. Hilbert) - geometry of everyday life, and its relations with art (Figure 1.14).

When trying to translate the meanings of geometric properties of symmetry transformations and of
symmetry groups into the visual sphere, one can note the links between the geometric-algebraic
properties of transformations and the different visual parameters (stationariness, dynamism,...). A
survey of geometric characteristics and their visual interpretations, which are relevant for such a study,
isgiven in each chapter of this book. Alongside the elements already mentioned: presentations of
symmetry groups, Cayley diagrams, data on enantiomorphism, also the orientability: polarity, non-
polarity and bipolarity of different lines, invariants of symmetry transformations will be discussed.

O O

(a)

Figure1.14
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Graphic notation of the symmetry groups (a) D;
(b) Cy4.

In addition to the orientability of invariant lines - axes, also the orientability of radial rays - half-lines
invariant to some dilatation K, of circles - invariants of rotations, or of equiangular, logarithmic spirals -
invariants of corresponding similarity symmetry or conformal symmetry groups will be discussed. The
(curved) linel isapolar invariant line of the symmetry Sif therelation ) = | holds, wherel isan
orientation of thelinel. A linel isapolar invariant line of the group G if thisrelation is satisfied for all
the elements of the group G. A (curved) invariant line | of the symmetry Sisnon-polar if therelation S
(1) = -l is satisfied, where -I denotes the oppositely oriented linel. A line invariant with respect to the
group G isnon-polar if there exists at least one indirect symmetry S G which satisfies the condition S
(1) =-I. A non-polar (curved) linel, invariant of the symmetry Sisbipolar if Sisadirect symmetry. A
non-polar (curved) invariant line of the group G is bipolar if the set SI ={S|qI) =-I, SO G} contains

only direct transformations.

In the visual sense, the term "polarity” can be connected with the dynamism of ornamental motifs
corresponding to discrete symmetry groups. For continuous symmetry groupsit is immediately linked
with the term visual presentability. As opposed to the discrete symmetry groups which can always be
visually interpreted by means of ornamental motifs, the continuous symmetry groups will not always
offer an adequate visualization. So, for example, for the continuous line group of trandations, its
visualization is not possible without introducing a supplementary symbol (e.g., the symbol
-------------------------- > a suitable symbol of such atrandation). Not having a previous agreement or
convention about its meaning, it is not possible to give to the observer an adequate visual interpretation
of this symmetry group, comprehensible without further explanation. Under the term "visual
presentability” we understand the visual modeling of symmetry groups which offers to observer the
complete visual information on the observed symmetry (in the sense of objective, geometric symmetry),
without needing for an additional explanation. In visual arts, apart from the objective, geometric
symmetry, very important are the effects of "visual forces' (R. Arnheim, 1965, 1969). They are, for
example, the upward tendency of avertical line, the visual effect of the "ascending" and "descending"
diagonal, the "left" and "right" orientation. These subjective visual factors, having a great influence on
the visual perception of symmetry and representing a subject of study in the psychology of visual
perception, are not discussed under the term "visual presentability”, which refers only to objective,
geometric symmetry and its visual perception. Although a detailed analysis of the subjective, visual
factors of symmetry is omitted, mainly because of the complexity of the problems of visual perception,
thiswork offers a potential approach to such problems. Continuous symmetry groups with continuous
non-polar elements of symmetry allow an immediate visual interpretation, while for representing groups
with polar or bipolar continuous elements of symmetry we can apply textures - an equal, average density
of the asymmetric figures arranged along the invariant polar or bipolar line, in accordance with the given
continuous symmetry group (A.V. Shubnikov, N.V. Belov et a., 1964). So, for example, continuous line

group of translations can be interpreted by means of textures as the series
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1 o am s e I CONLErast to physical interpretations of all continuous symmetry groups which can be
obtained by motion or some other physical effect, the domain of the visual presentability of continuous
symmetry groups, if textures are not applied, is limited by the objective stationariness of ornamental art

works to the continuous groups with non-polar continuous elements of symmetry.

NEXT

CONTENTS

http://www.emis.de/monographg/jablan/chapl4.htm (3 of 3)2007-8-27 9:59:53



Chapter 1.5

Chapter 1.5

Construction M ethods.
Desymmetrizations

By considering and comparing the development of construction methods

for the derivation of ornamental structuresin art and geometry, one can

note afew common approaches. After considering regularities on which

the simplest ornamental motifs (rosettes, friezes) are based, mostly on originals existing in nature, and after
discovering the first elementary constructions, a way was opened for the creation of ornamental motifs. Thiswas
usually achieved beginning from "local symmetry” - from the one fundamental region and regularly arranged
neighboring fundamental regions, and resulting in the "global symmetry" - complete ornamental filling in of the
plane. Such a procedure represents, in fact, a series of extensions and dimensional transitions, leading directly or
indirectly from the point groups - the symmetry groups of rosettes G,, over the line groups - the symmetry groups of

friezes G,,, to the plane groups - the symmetry groups of ornaments G,. In such a case, substructures (rosettes,

friezes) are called generating substructures (Figure 1.15). A similar procedure can be traced for the similarity
symmetry groups S, and conformal symmetry groups C,; and C,, derived as extensions of isometric point groups -

the symmetry groups of rosettes Go,.

Figure 1.15
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Derivation of (a) frieze mm; (b) ornament pmm from
generating rosette with the symmetry group D,.

However, an almost equal role in the formation of different ornamental motifs belongs to the reverse
desymmetrization procedure, away which mainly leads from the maximal symmetry groups generated by reflections,
characterized by a high degree of visual and constructional simplicity, to their subgroups. The results obtained are
subgroups belonging to the same category as a group undergoing desymmetrization, or its subgroups with invariant
subspace(s) of lower dimension(s) (e.g., the symmetry groups of friezes G,, as line subgroups of the symmetry

groups of ornaments G,). At first restricted to the maximal groups of symmetry generated by reflections, to the

regular tessellations or Bravais lattices, the desymmetrization method in painting becomes in time, firstly thanks to
the use of colors, an efficient procedure for deriving all symmetry groups as subgroups of wider groups. Under the
term "desymmetrization" of certain symmetry group we understand this as the procedure beginning with the
elimination of corresponding symmetries and resulting in the derivation of certain subgroup H of the given group. In
line with this, every desymmetrization is defined by the group G and its subgroup H, i.e. by the group/subgroup
symbol G/H. The reverse procedure, resulting in some supergroup of the given group G, is called symmetrization
(group extension).

Within the desymmetrization method, we can, depending on the desymmetrization means used, distinguish classical-
symmetry (non-colored), antisymmetry and color-symmetry desymmetrizations. Under the term "classical-symmetry
desymmetrization" (non-colored desymmetrization) we will discuss all desymmetrizations realized, for example, by
using an asymmetric figure belonging to the fundamental region, or by deleting their boundaries and joining two or
more adjacent fundamental regions, etc. The term "non-colored” used as the alternative for "classical-symmetry",
should not be understood literally, since it does not prohibit the use of colors or some of their equivalents (e.g.,
indexes), but includes as well, all other cases where colors have been used for a desymmetrization without resulting in
some antisymmetry or color-symmetry group. In the same sense we will use the term "classical theory of symmetry"
which denotes the theory of symmetry without its generalizations - antisymmetry and colored symmetry. The term
"external desymmetrization" will be used to denote a desymmetrization achieved by varying boundaries of a
fundamental region (Figure 1.16b).
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(a) (b) (c)

Figure 1.16
(8) Generating rosette with the symmetry group Dg; (b) its
external desymmetrization D,4/C,; (c) antisymmetry group
D4/C,.

Let e; be an antiidentity transformation which satisfiestherelations: e,;2=E  ¢;S= Se;, where Sis any symmetry
transformation. The transformation S = e;Sis then called an antisymmetry transformation. Asthe interpretation of
the transformation ey, it is possible to accept the alternating change of any bivalent quality, geometric or not, which

commutes with symmetries, e.g., the color change black-white, change of electricity charges +, -, etc. A group which
besides symmetry transformations contains antisymmetry transformationsis called an antisymmetry group. Asthe
basis for deriving antisymmetry groups we take some symmetry group G which we call a generating group of
antisymmetry (or simply a generating group). By replacing the symmetries (generators) of the group G by
antisymmetries (antigenerators) we obtain, as aresult, an antisymmetry group G' which, depending upon whether the
antiidentity transformation e, is the element of the group G' or not, is called a senior (neutral, gray) or ajunior (black-

white) antisymmetry group respectively. Every senior antisymmetry group has the form G' = Gx{e;} = GxC,, where
the group generated by e, is denoted by {e;}. All junior groups are isomorphic with their generating group G. Every

junior antisymmetry group is uniquely defined by the generating group G and by its subgroup H of the index 2. From
there originated the group/subgroup symbols G/H of junior antisymmetry groups, where the relationship G/H LI C,

holds (Figure 1.16¢). Since al (normal) subgroups of the index 2 of the generating group G can be obtained knowing
junior antisymmetry groups derived from G, antisymmetry isincluded in the desymmetrization method. Besides a
large field of application in Physics, various interpretations of the antiidentity transformation as a geometric
transformation which commutes with all the symmetries of the generating group, make possible the dimensional
transition from the symmetry groups of the n- dimensional space to those of the (n+1)-dimensional space. For
example, the symmetry groups of bands Gz, can be derived by using antisymmetry from the symmetry groups of

friezes G,4, the symmetry groups of layers G, from the symmetry groups of ornaments G,, etc. Corresponding black-
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white antisymmetry plane motifs (so-called Weber diagrams or antisymmetry mosaics) can be understood as
adequate visual interpretations of the symmetry groups of bands Gs,, or layers Gs,, where the transformation e; -

color change black-white is identified with the plane reflection in the invariant plane of the generating frieze or
ornament (Figure1.17).
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Figure 1.17
Weber diagrams of bands.

The first antisymmetry ornamental motifs are found in Neolithic ornamental art with the appearance of two-colored
ceramics and for centuries have represented a suitable means for expressing the dualism, internal dynamism,
alternation, with adistinct space component - a suggestion of the relationships "in front-behind", "above-below",
"base-ground"”,...

The next generalization of antisymmetry is the polyvalent, colored symmetry with the number of "colors' N = 3,
where each color is denoted by the corresponding index 1,2,...,N. A permutation of the set {1,2,...,N} isany one-to-
one mapping of this set onto itself. Let PN be a subgroup of the symmetric permutation group SN (or smply

symmetric group), i.e. of the group of all the permutations of the set {1,2,...,N}, c [ PN and ¢S = Sc, where Sisa

symmetry transformation, an element of the symmetry group G. Then S’=cSiscalled acolored symmetry
transformation. A color permutation ¢ can be interpreted as a change of any polyvalent quality which commutes
with symmetries SO G. A colored symmetry group is a group which besides symmetry transformations contains
colored symmetry transformations (or colored symmetries). By analogy to antisymmetry groups, the symmetry group

G iscalled agenerating group of colored symmetry. The colored symmetry group G derived from G is called a
junior colored symmetry group iff it isisomorphic with G. In thiswork only junior colored symmetry groups are
discussed. Every junior colored symmetry group can be defined by the ordered pair (G,H) which consists of the group
G and its subgroup H of the index N, i.e. [G:H] = N. Two groups of colored symmetry (G,H) and (G',H') are equal if
there exists an isomorphism i(G) = G' which maps H onto H' (R.L.E. Schwarzenberger, 1984). For N = 2 and PN =Gy,

(G,H) is an antisymmetry group. A color permutation group PN iscaled regular if it does not contain any

transformation, distinct from the identity permutation, which keeps invariant an element of the set {1,2,...,N}. If it
contains such a transformation, a color permutation group is called irregular. Depending upon whether the color
permutation group PN isregular or not, we can distinguish two cases. For aregular group PN every colored symmetry

group isuniquely defined by the generating group G and its normal subgroup H of index N - the symmetry subgroup
of G° Thisresultsin the group/subgroup symbols of the colored symmetry groups G/H, and [G:H] = N (Figure
1.184). For theirregular group PN, besides G and H we must consider also the subgroup H of the group GD, which

maintains each individual index (color) unchanged (i.e. group of stationariness of colors). In this case H isnot a
normal subgroup of G. The order of the group PN iISNN;, where [G:H] = N, [H:H4] = N; and quotient group G/H; [

PN. To denote such colored symmetry groups, the symbols G/H/H; are used (Figure 1.18b).
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Figure 1.18
(a) Colored symmetry group C,/Cy; (b) D4/D4/C;.

By interpreting "colors' as physical polyvalent properties commuting with every transformation of the generating
symmetry group, it is possible to extend considerably the domain of the application of colored ornaments treated as a
way of modeling symmetry structures - subjects of natural science (Crystallography, Physics, Chemistry, Biology...).
As an element of creative artistic work, although being in use for centuries, colored symmetry can be, taking into
consideration the abundance of unused possibilities, avery inspiring region. We find proof of thisin the works of M.
C. Escher (M.C. Escher, 19714, b). On the other hand, the various applications of colors in ornaments, e.g.,
ornamental motifs based on the use of colorsin agiven ratio, by which harmony - balance of colors of different
intensities - is achieved, have yet to find their mathematical interpretation. Accepting “color" as a geometric property,
and colored transformations as geometric transformations which commute with the symmetries of the generating
group, has opened up alarge unexplored field for the theory of colored symmetry. This was made clear in the recent
works discussing multi-dimensional symmetry groups, curvilinear symmetries, etc. (A.M. Zamorzaev, Y u.

S. Karpova, A.P. Lungu, A.F. Palistrant, 1986).

The results of the theory of antisymmetry and colored symmetry can be used also for obtaining the minimal indexes
of subgroups in the symmetry groups. As opposed to the finite groups, where for the index of the given subgroup
there is exactly one possibility, in an infinite group the same subgroup may have different indexes. For example,
considering afrieze with the symmetry group 11, generated by atrandation X, and its coloringsby N = 2,3,4,...
colors, where the group of color permutationsis the cyclic group CN of the order N, generated by the permutation ¢ =

(123...N), the result of every such a color-symmetry desymmetrization is the symmetry group 11, i.e. the colored
symmetry group 11/ 11. Therefore, we can conclude that the index of the subgroup 11 in the group 11 is any natural
number N and that its minimal index istwo. The results of computing the (minimal) indexes of subgroupsin groups
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of symmetry, where the subgroups belong to the same category of symmetry groups as the groups discussed, based on
the works of H.S.M. Coxeter and W.0.J. Moser (H.S.M. Coxeter, W.O.J. Moser 1980; H.S.M. Coxeter 1985, 1987)
are completed with the results obtained by using antisymmetry and colored symmetry. They are given in the
corresponding tables of (minimal) indexes of subgroups in the symmetry groups. Besides giving the evidence of all
subgroups of the symmetry groups, these tables can serve as abasis for applying the desymmetrization method,
because the (minimal) index is the (minimal) number of colors necessary to achieve the corresponding antisymmetry
and color-symmetry desymmetrization. For denoting subgroups which are not normal, italic indexes are used (e.g., 3).

It is not necessary to set apart antisymmetry from colored symmetry, since antisymmetry is only the smplest case of
colored symmetry (N = 2), but their independent analysis has its historical and methodical justification, because
bivalence is the fundamental property of many natural and physical phenomena (electricity charges +, -, magnetism S,
N, etc.) and of human thought (bivalent Aristotelian logic). In ornamental art, examples of antisymmetry are mainly
consistent in the sense of symmetry, while consistent use of colored symmetry isvery rare, especialy for greater
values of N.
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Symbols of Symmetry Groups

When denoting symmetry groups and their generalizations,
antisymmetry and colored symmetry groups, we always come
across the unpleasant task of trying, at least to some extent, to
reconcile and bring to accord the different sources and symbols used in literature. Most of symbols come
from the work of crystallographers, some from the mathematicians who were engaged in studies of the
theory of symmetry, while some chapters (e.g., that on conformal symmetry) demand the introduction of
new symbols. Since only lately there have been attempts to make uniform the symbols of symmetry
groups, positive results are mainly achieved with the symmetry groups of ornaments G, (International

symbols). In the other cases, a great number of authors, with their original results introduced together
new or modified symbols. Therefore, it is unavoidable to accept the compromise solution and quote
severa alternative kinds of symbols. Also, this offers possibilities for the application of optimal symbols
in each particular case, since for the different practical needs of the theory of symmetry, every kind of
symbols has its advantages, but also, disadvantages.

For denoting the symmetry groups of friezes and ornaments, the smplified version of the International
symbols (M. Senechal, 1975; H.S.M. Coxeter, W.O.J. Moser, 1980) will be used, while in other cases

the non-coordinate symbols, used by Soviet authors (A.V. Shubnikov, V.A. Koptsik, 1974) will be
indicated also. The symbols of antisymmetry and colored symmetry groups will be given in the group/
subgroup notation (G/H, G/H/H4) (A.V. Shubnikov, V.A. Koptsik, 1974; A.M. Zamorzaev, 1976; H.S.

M. Coxeter, 1985, 1987; V.A. Koptsik, J.N. Kotzev, 1974).

The I nternational symbols are coordinate symbols of symmetry groups. For the symmetry groups of
friezes and ornaments, the first coordinate denotes the translational subgroup p (c with the rhombic
|attice) while the other coordinates are symbols of glide reflections g and reflections m perpendicular to
the corresponding coordinate axis and symbols of the rotation axis n collinear with the corresponding
coordinate axis.

The non-coordinate symbols of symmetry groups are mainly used in the works of Soviet authors, in
which (a) denotes atrandation, (&) aglide reflection, n the order of arotation, the absence of symbols
between elements - collinearity (incidence) of relevant elements of symmetry (denoted in the origina
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works by the symbol ¢), while the symbol : denotes perpendicularity of relevant symmetry elements. For
example, the symmetry groups D4 and C4 will be denoted, respectively, by 4 and 4m.

Given at the beginning of each chapter is a survey of the geometric-algebraic characteristics of the
groups of symmetry discussed: presentation, group order, group structure, reducibility, form of the
fundamental region, enantiomorphism, polarity (non-polarity, bipolarity), group-subgroup relations,
table of minimal indexes of subgroupsin groups, Cayley diagrams. Further on are discussed the
antisymmetry and color-symmetry desymmetrizations, construction methods, questions related to
continuous groups and to different problems of algebraic-geometric properties of symmetry groups,
which directly influence the different visual parameters.
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Chapter 1.7

Geometric-Visual Analysis
of Symmetry Groups

Asan illustration of the methodological approach used in this work, we
will give the example of one symmetry group and its complete
comparative analysis from the point of view of the theory of symmetry and ornamental art.

L et the discrete group of isometric transformations of the plane E2, generated by a glide reflection P and a
reflection Ry, be given by the presentation:

{PR]} R{2=(RP)2=E.

The first defining relation Ry2 = E shows that the reflection R; isan involution, i.e. that R; = R;"1 while from the
other relation follows:

(RP)2=EO RPR, =P-10 R/IPR, = P10 PR=pPL,
The glide reflection P is a transformation without invariant points, with an invariant line- the axis | of the glide
reflection. The conjugate of the transformation P derived by reflection R, isaso aglide reflection with the
invariant line Ry(1). Since the axis of the glide reflection P-1 isthe line -1, from the previous relations we conclude
that Ry(l) = -I; consequently, it follows that the reflection line of the reflection R; is perpendicular to the axis of the
glidereflection P, and that its axis| is non-polar (since there exists an indirect transformation, the reflection Ry,
which transforms it onto the oppositely oriented line -I).

The group discussed possesses an invariant space E2 - the plane, an invariant subspace E1 - aline, and has no
invariant points. Therefore it belongs to the category of symmetry groups of friezes G, - the line groups of the

plane E2 () without invariant points. Distinguishing between the spaces E2, £, L2 is not necessary because we are
dealing with the line groups. Because this group is generated by a glide reflection P perpendicular to the reflection
Ry, its crystallographic symbol will be pmg, or in short form mg (M. Senechal, 1975). Within the crystallographic

symbol pmg, p denotes the presence of atransation X = P2, i.e. the translational subgroup 11={X}; the symbol m
denotes areflection R; perpendicular to this translation, and the symbol g denotes the glide reflection P. In the short

symbol mg, the trandation symbol p is omitted.
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Since the set P,R, is agenerator set of the group mg, after concluding that the reflection line of R, is perpendicular

to the axis of the glide reflection P, we can construct an appropriate ornamental motif, the visual model of the frieze
symmetry group mg. Thisis achieved by applying the transformations P and R, to the chosen asymmetric figure,

which belongs to a fundamental region of the symmetry group mg (Figure 1.19).

AN

e —

Figure 1.19

Representing the glide reflection P as the commutative composition X;R; = RgX; of atransation X; = RiRy
(composition of reflections Ry, R, with parallel reflection lines) and areflection Ry with the reflection line parallel
to the axis of the translation X;, we come to the conclusion that the product R;P = R;R;R,R3 = RyR3 isthe
commutative composition of perpendicular reflections Ry, Ry, i.e. a half-turn T. The conjugates of reflection R; and

half-turn T, derived by the powers of the glide reflection P, define respectively the set of reflections with
equidistant reflection lines parallel to the reflection line of Ry, and the set of rotations of the order 2, where the

distance between the neighboring reflection lines (rotation centers) is [X;|. So that, we come to the diagrammatic

interpretation of the group mg - atable of graphic symbols of symmetry elements, where the axis of the glide
reflection isindicated by the dotted line and by the vector of tranglation, reflection lines by solid lines, and centers
of rotations of the order 2 by the symbol § (Figure 1.20).

Figure 1.20

Using the substitution T = R;P we come to an algebraic equivalent of the previous presentation of the group mg - a

new presentation of the same group:
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{Rl,T} R12 = T2 =E.

Besides indicating another way to construct the frieze with symmetry group mg, this presentation directly shows
that the group mg has structure D_. Namely, group Dn has the presentation:

{S1S5} $2=52=(S9)"=E.

If S,S, is an element of infinite order, we obtain the group D_ having the following presentation:

{S1S} S$?=$2=E

which isisomorphic with the group mg.

Instead of the asymmetric figure, which under the action of the group mg gives the frieze pattern, by considering
the orbit of the closure of afundamental region of the group mg we obtain the corresponding frieze tiling. The
fundamental region of the group mg and all other frieze symmetry groups, is unbounded and allows the variation of
all boundaries which do not belong to reflection lines. Figure 1.21 shows two of these possibilities.

The Cayley diagram of the group mg is derived as the orbit of a point in general position with respect to the group
mg. Instead of a direct mutual linking of all vertexes (i.e. orbit points) and obtaining the complete graph, we can,
aiming for simplification, link only the homologous points of the group generators. By denoting with the broken
oriented line the glide reflection P, and with the dotted non-oriented line the reflection R;, we get the Cayley

diagram which corresponds to the first presentation of the group mg (Figure 1.224).
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Figure 1.21

By an analogous procedure we come to the graph which corresponds to its second presentation with the generator
set { Ry, T}, where ahalf-turn isindicated with the dot-dash line (Figure 1.22b).

L et us note also, that the defining relations can be read off directly from the graph of the group. Each cycle, i.e.
closed path in which the beginning point coincides with the endpoint, corresponds to a relation between the
elements of the group and vice versa. Cayley diagrams (graphs of the groups) may also very efficiently serve to
determine the subgroups of the given symmetry group. Namely, every connected subgraph of the given graph
satisfying the following condition determines a certain subgroup of the group discussed, and vice versa. The
condition in question is: an element (transformation) isincluded in the subgraph either wherever it occurs, or not at
al (i.e. itisdeleted). Of course, to be able to determine all the subgroups of a given group, it is necessary to use its
complete graph as the basis for defining the subgraphs.

(b)

Figure 1.22

Since in the group mg there are indirect isometries, this group does not give enantiomorphic modifications. For the
groups consisting only of direct symmetries, the enantiomorphic modifications can be obtained by applying the
"left" (e.g., b) and "right" (d) form of an elementary asymmetric figure. For example, for the group 11, generated by
atrangdation X, this results in the enantiomorphic friezes. bbbbbbbbbbbbbbbbbbbbbbbbbbbbb and
dddddddddddddddddddddddddddddd. The translation axis| of the group mg is non-polar, because there exists an
indirect transformation, the reflection Ry for which the relation Ry(I) = -1 holds. Rotations of the order 2 in the

group mg are polar because each circle ¢ drawn around the center of rotation of the order 2 isinvariant only with
respect to this rotation and to the identity transformation E, so that the group C, ( 2) (generated by the half-turn T)

of transformations preserving the circle c invariant, a rosette subgroup C, (2) of the group mg, consists of direct
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transformations. Besides the rosette subgroups C, ( 2), the group mg has also the rosette subgroups D, (m), namely
the one generated by the reflection Ry, or by its conjugates.

The group mg contains as subgroups the following symmetry groups of friezes: p1 (11) generated by the translation
X =P2, plg (1g) generated by the glide reflection P, pm1 (m1) generated by the translation X and the reflection Ry,

and itself. Besides the list of all frieze groups, subgroups of the group mg, the table of the minimal indexes of
subgroups of the given group points out the possible desymmetrizations which lead to this subgroup. In particular,
considering the use of antisymmetry and color- symmetry desymmetrizations, from this table we can see that
antisymmetry desymmetrizations of group mg result in the subgroups of the index 2: 1g, 12 and m1. This can be
achieved by a black-white coloring (or, e.g., 1-2 indexing) according to the laws of antisymmetry, using the
following systems of (anti)generators: { P,e;R{} or {€;Ry,e,T} for obtaining the antisymmetry desymmetrization

mg/1g; {e,P,R.} or {Ry,e; T} for obtaining the antisymmetry desymmetrization mg/m1; {e;P,e;R;} or {e;R;,T} for
obtaining the antisymmetry desymmetrization mg/12, where e; = (12), i.e. the group of color permutations PN =P,

= C, (Figure 1.23).

NPZIPNEPZPNEZIANDZEEN 4 N 4 N 4 N 4
NNBZPNPAPNIPAPNPEERN BN BN - BN 4
NFLARNEARNEARNPS SN W W W

Figure 1.23

The junior antisymmetry groups obtained can be understood also as adequate visual interpretations of the symmetry
groups of bands Gz, - as the Weber diagrams of the symmetry groups of bands p2,11, pm11 and p112

respectively. In this case the alternation of colors white-black is understood in the sense "above-under” the invariant
plane of the frieze, i.e. asthe identification of the antiidentity transformation e; with the plane reflection in the

invariant plane of the group mg. The seven generating symmetry groups of friezes G,4, seven senior antisymmetry

groups and seventeen junior antisymmetry groups correspond to the 31 groups of symmetry of bands, offering
complete information on their presentations and structures.

Using N = 4 colors and the system of colored generators { c,P,coR;} or {c,R;,c1C,T}, we get the color-symmetry
desymmetrization mg/11, where ¢, = (12)(34) and ¢, = (13)(24); hence, the group of color permutationsis PN =Py

= CZXCZ = D2 (Figure 124)
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NPARNNIVARNPANNIFZ
Ny N W Wz

Figure 1.24

In all the antisymmetry and color-symmetry desymmetrizations mentioned, for which the group PN isregular, the

subgroup H derived by the desymmetrization isanormal subgroup of the group mg (1g, m1, 12, 12). Because of
this, complete information on the antisymmetry or colored symmetry group, i.e. on the corresponding
desymmetrization, is given by the number N and by the group/subgroup symbol G/H. The next case of coloring
with N = 3 colors, the irregular group PN and the subgroup H which is not a normal subgroup of the group G,

demands the symbols G/H/H;. In this case, besides the number N, the group of colored symmetry GD, I.e. the
corresponding color-symmetry desymmetrization is uniquely defined by the generating group G, the stationary
subgroup H of GD, which maintains every individual index (color) unchanged and its symmetry subgroup H; which

isthe final result of the color-symmetry desymmetrization. The index of the subgroup H in the group G isequal to
N and the product of the index of the subgroup H, in group H and the number N is equal to the order of the group of

color permutations PN, i.e.[G:H] =N, [H:H,] = N, and the order of the group PN IS NNj.

As an example of the irregular case we can use the color-symmetry desymmetrization of the group mg obtained by
N = 3 colors, i.e. by the system of colored generators: {c;P,coRq} or {c,R,61C,T}, which resultsin the color-

symmetry desymmetrization mg/mg/1g, where ¢, = (123), ¢, = (23), PN = P3 =Dz and [mg: mg]=3, [mg:1g]=2.
This color-symmetry desymmetrization mg/mg/1g, N = 3 is shown on Figure 1.25a, while the stationary subgroup
H (mg) which maintains each individual index (color) unchanged is singled out on Figure 1.25b. All cases of

subgroups which are not normal subgroups of the given group are denoted in the tables of (minimal) indexes of
subgroups in groups by italic indexes (e.g., [mg:mg]=3).
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Figure 1.25

In terms of construction, for frieze group mg we can also distinguish the rosettal method of construction - the
multiplication of arosette with the symmetry group C, (2) (generated by the half-turn T) or D; ( m) (generated by

thereflection Ry) by the glide reflection P (Figure 1.26a, b). Like all other symmetry groups of friezes, the group

mg is the subgroup of the maximal symmetry group of friezes mm generated by reflections. Since it is the normal
subgroup of theindex 2, the antisymmetry desymmietrization of the generating group mm with a set of generators
{X,RRy} or {RRy,Ry} where Xisthe trandation, R the reflection in trandation axis line, and Ry, R, reflections

with reflection lines perpendicular to the trandation axis, can be used.
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